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Guolian Kang, Keying Ye, Nianjun Liu, David B. Allison, and Guimin Gao

Abstract

Multiple hypothesis testing is commonly used in genome research such as genome-wide stud-
ies and gene expression data analysis (Lin, 2005). The widely used Bonferroni procedure controls
the family-wise error rate (FWER) for multiple hypothesis testing, but has limited statistical power
as the number of hypotheses tested increases. The power of multiple testing procedures can be in-
creased by using weighted p-values (Genovese et al., 2006). The weights for the p-values can be
estimated by using certain prior information. Wasserman and Roeder (2006) described a weighted
Bonferroni procedure, which incorporates weighted p-values into the Bonferroni procedure, and
Rubin et al. (2006) and Wasserman and Roeder (2006) estimated the optimal weights that max-
imize the power of the weighted Bonferroni procedure under the assumption that the means of
the test statistics in the multiple testing are known (these weights are called optimal Bonferroni
weights). This weighted Bonferroni procedure controls FWER and can have higher power than
the Bonferroni procedure, especially when the optimal Bonferroni weights are used. To further
improve the power of the weighted Bonferroni procedure, first we propose a weighted Siddk pro-
cedure that incorporates weighted p-values into the Sidék procedure, and then we estimate the
optimal weights that maximize the average power of the weighted Sidék procedure under the as-
sumption that the means of the test statistics in the multiple testing are known (these weights are
called optimal Siddk weights). This weighted Siddk procedure can have higher power than the
weighted Bonferroni procedure. Second, we develop a generalized sequential (GS) Sidak pro-
cedure that incorporates weighted p-values into the sequential Siddk procedure (Scherrer, 1984).
This GS Siddk procedure is an extension of and has higher power than the GS Bonferroni pro-
cedure of Holm (1979). Finally, under the assumption that the means of the test statistics in the
multiple testing are known, we incorporate the optimal Siddk weights and the optimal Bonferroni
weights into the GS Siddk procedure and the GS Bonferroni procedure, respectively. Theoretical
proof and/or simulation studies show that the GS Sidék procedure can have higher power than
the GS Bonferroni procedure when their corresponding optimal weights are used, and that both
of these GS procedures can have much higher power than the weighted Sidék and the weighted

*We thank the editor and two referees for their helpful comments and useful suggestions. This
research was supported by grant GM073766, GM077490, and GM081488 from the National In-
stitute of General Medical Sciences. Address for correspondence: Dr. Guimin Gao, Depart-
ment of Biostatistics, University of Alabama at Birmingham, Birmingham, AL 35294. email:
ggao@ms.soph.uab.edu. Phone: 205-975-9188.



Bonferroni procedures. All proposed procedures control the FWER well and are useful when prior
information is available to estimate the weights.

KEYWORDS: weight, multiple hypothesis testing, Bonferroni procedure, Sidak procedure, family-
wise error rate
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1 Introduction

Multiple hypothesis testing involves testing multiple hypotheses simultaneously;
each hypothesis is associated with a test statistic (Rubin et al., 2006). Multiple
hypothesis testing is a common problem in genome research, such as genome-
wide studies and gene expression data analysis (Lin, 2005). For multiple
hypothesis testing, a traditional criterion for error (type I) control is the family-
wise error rate (FWER), which is the probability of rejecting one or more true null
hypotheses (Hochberg and Tamhane, 1987; Lin, 2005).

The Bonferroni procedure (Bonferroni, 1937) and the Sidék procedure
(Siddk, 1967) are two well-known methods for controlling FWER with
computational simplicity and wide applicability (Olejnik ef al., 1997). However,
both of these methods have limited statistical power as the number of hypotheses
tested (m) increases (Nakagawa, 2004). Holm (1979) proposed a (step-down)
sequential Bonferroni procedure which has slightly higher power than the
Bonferroni procedure but there is little difference between these two procedures
when the number of tests (m) is large (Lin, 2005). As an extension of the (step-
down) sequential Bonferroni procedure, Holm (1979) proposed a generalized
sequential (GS) Bonferroni procedure by using different weights for hypotheses
of different importance. Although Holm did not show how to estimate the
weights, the method has the potential to improve the power of multiple hypothesis
testing when prior information is available to estimate the weights.

Rubin et al. (2006) and Wasserman and Roeder (2006) proposed a
weighted Bonferroni procedure that adjusts p-values by using optimal weights.
These optimal weights were calculated by maximizing the average power of the
weighted Bonferroni procedure under the assumption that the means of all test
statistics are known, and these weights are called optimal Bonferroni weights.
Under such assumption, the average power of the weighted Bonferroni procedure
is much higher than that of the Bonferroni procedure (Rubin et al, 2006;
Genovese et al., 2006; Wasserman and Roeder, 2006). In practice, the means of
the test statistics are unknown. However, if some prior information is available to
estimate the means, this weighted Bonferroni procedure can be more powerful
than the Bonferroni procedure (Rubin et al., 2006; Wasserman and Roeder, 2006;
Roeder et al., 2006, Roeder et al., 2007).

The purpose of this study is to develop more powerful weighted
hypothesis testing procedures as extensions of the weighted Bonferroni procedure.
First, we propose a weighted Sidak procedure, and then under the assumption that
the means of all test statistics are known, we estimate the optimal weights
maximizing the average power of the weighted Siddk procedure (these weights
are called optimal Sidak weights). The weighted Sidak procedure has slightly
higher power than the weighted Bonferroni procedure. Second, we develop a GS
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Sidak procedure as an extension of the GS Bonferroni procedure of Holm (1979)
and the sequential Siddk procedure (Scherrer, 1984). Finally, assuming that the
means of all test statistics are known, we incorporate the optimal Sidak weights
and the optimal Bonferroni weights into the GS Sidak procedure and the GS
Bonferroni procedure, respectively. Theoretical proof and/or simulation studies
show that, using their corresponding optimal weights, the GS Sidak procedure has
slightly higher power than the GS Bonferroni procedure, and that both GS Sidék
procedure and GS Bonferroni procedure have much higher power than the
weighted Sidak procedure and the weighted Bonferroni procedure. All the
proposed procedures can control the FWER well.

2 Methods
2.1 Notations

Consider testing m (null) hypotheses H=(H,, H,,---, H, ) with corresponding
test statistics Z = (Zy, Z», ..., Z,), where we assume that Z, follows normal
distribution of N(x,,1), and all Z,’s are independent. For simplicity, in this

paper, we only present the results for one-sided tests. Similar results for two-sided
tests can easily be obtained. Thus, for the i-th test, the (null) hypothesis is

H, :u, =0, and the corresponding alternative hypothesis is H, : z, > 0. Suppose
that there are m, true null hypotheses and m, false null hypotheses among all
hypotheses in H, where m, =m - m,. Let Hydenote all the true null hypotheses in
H. Let p=(p,, p,,-**, p,,) denote the p-values associated with the hypotheses
(H,,H,,--,H,) . Let pm=(u,, t,,"--, ,) denote the means of the test

statistics Z .
As described earlier, FWER is the probability of falsely rejecting at least
one true null hypothesis (Hochberg and Tamhane, 1987), which can be written as

FWER = Pr(rejecting at leastone H, | H, € H,,).

A multiple testing procedure is said to control the family-wise error rate at a
significance level « if FWER <« .

The power for a single test is called per-hypothesis power. For a single test
with hypothesis H;, the per-hypothesis power is the probability of rejecting H;
given that the alternative hypothesis H., is true, i.e., Pr(rejecting H,|u, >0). For

multiple hypotheses testing, Roeder et al. (2007) defined the average power of a
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testing procedure as the average value of per-hypothesis powers of the m, tests

associated with the false null hypotheses: R ZPr(rejecting H. |u > O).

mz i 1;>0
2.2 Weighted Bonferroni procedure and optimal Bonferroni weights

2.2.1 Weighted Bonferroni procedure

In the Bonferroni procedure, if p, <% , then reject the null hypothesis H; ;
m A

otherwise, it is failed to reject H, (j = 1, ..., m). The power of multiple testing

procedures can be increased by using weighted p-values (Genovese et al., 2006).
Holm appears to be the first one proposing the idea of the weighted Bonferroni
procedure, which incorporates weighted p-values into the Bonferroni procedure
(Holm, 1979). Wasserman and Roeder (2006) provided a clear description of the
weighted Bonferroni procedure as follows. Given nonnegative weights
(W, w,,---,w,) for the tests associated with the hypotheses (H,,H,,--,H,),

where

Zm:wjzl. (D)

1
ma3
o a
P

Wj m

For hypothesis H, (1< j<m), when w; > 0, reject H; if , and fail to

reject H; when w; = 0.

This procedure controls FWER at level a. The weights (w,, w,,---,w, )

can be specified by using certain prior information available to the researcher. For
example, in genome-wide association studies, the prior information can be linkage
signals or results from gene expression analyses. Roeder et al. (2006) proposed a
method to estimate weights by using linkage data to weight association p-values
in association studies. However, how to estimate the optimal weights in multiple
testing is still a topic to be further investigated (see also the section on discussion).
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2.2.2 Optimal Bonferroni weights

Rubin et al. (2006) and Wasserman and Roeder (2006) independently proposed
very similar approaches to estimate the optimal weights by maximizing the
average power of the procedure, assuming that the means p = (&, t,,-+-, ,,) are

known. We call these optimal weights optimal Bonferroni weights and they are
calculated (Wasserman and Roeder, 2006) by

_mg(#, A
./—QCD( . ﬂjJI(ﬂpO), @

where ®@(x) is the upper tail probability of a standard normal cumulative

distribution function (CDF) (i.e., ®(x) = 1- ®(x) and ®(x) denotes the CDF of

the standard normal distribution) and A is the constant that satisfies equations (1)
and (2) i.e.

1Sm CD(_+AJ1(,J]. >0)=a. 3)

m/la luj

As an illustrative example, Figure 1 shows the optimal Bonferroni weights
as a function of the means g in a multiple testing with 100 tests. The means u
vary from 1 to 7 in increment of 6/99 = 0.0606. When the means 4 are small, the
optimal weights increase with the increase of £ but when g are large enough, the
optimal weights decrease with the increase of . In other words, the weighted
Bonferroni procedure offers large weights (often > 1) to the tests with midrange
of means and offers small weights (often < 1) to tests with small or large means
(Wasserman and Roeder, 2006). Dividing the p-value by a weight w > 1 increases
the probability of rejecting the corresponding null hypothesis, and dividing the p-
value by a weight 0 < w < 1 decreases the probability of rejecting the
corresponding null hypothesis. However, in most situations, even though the tests
with large means are assigned small weights (<1), the corresponding hypotheses
can still be rejected because the related p-values are very small. The weighted
Bonferroni procedure using these optimal weights can have much higher power
than the Bonferroni procedure when the means (p) of the test statistics are given
or given prior information that can be used for estimating the means (Roeder et al.,
2006, 2007; Rubin et al., 2006; Wasserman and Roeder, 2006).

http://www.bepress.com/sagmb/vol 8/issl/art23 4
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Figure 1. Distribution of optimal Bonferroni weights for a multiple testing
procedure with m = 100 tests. x are the means of the test statistics, and vary from

1to 7.
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2.3 Weighted Sidak procedure and optimal Sidak weights

Since the Sidak procedure has higher power than the Bonferroni procedure for
independent tests (Simes, 1986), we propose a weighted Siddk procedure that
incorporates weighted p-values into the Sidak procedure as an extension of the
weighted Bonferroni procedure. We also describe how to calculate the optimal
weights for the weighted Sidak procedure assuming means of the test statistics are
known.

2.3.1 Weighted Sidak procedure

In the Sidak procedure (Sidak, 1967), for any null hypothesis H, (1< j <m), if
1

p, <1-(1- a)™, then reject H;. The Sid4k procedure controls the FWER at level
a. Now we propose a weighted Siddak procedure by using weighted p-values as
follows: given a set of nonnegative weights (w,, w,,---,w,) specified for
independent tests associated with the hypotheses (Hi, H,, ..., H,) such that
equation (1) holds (i.e., m™' Y w, = 1), for hypothesis H; (1 < j < m), when w; > 0,
if
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v, il 1

p; <1-(1- a)™ or equivalently (1— p)" =(1-a)n, 4)

then reject the null hypothesis /}; on the other hand, when w; = 0, do not reject H;.
1

In this article we denote the weighted p-value (1— p j)W-" as ;. Therefore, (4) can

be written as S; > (1 — a)i .

Theorem 1. Suppose m tests are independent, then the weighted Siddk procedure
controls the family-wise error rate at a significance level o .

Proof. P(failing to reject any true null hypotheses in Hy)

w,/m w;/m ‘-HZEH Wj/m
Z'J]HP&%>1—(L—a)J )= Ha-""" =@-ay™ /=10,
JH j€

JiH jeH,

where, p; follows standard uniform distribution when H; € Hy. Since FWER =1 —
P(failing to reject any true null hypotheses in Hy), then Theorem 1 follows. m

From the Taylor series expansions, we obtain

%%sp@ﬂﬁ.

Based on this inequality, when the same pre-determined weights (w,, w,,---, w, )

are used by the weighted Sidak procedure and the weighted Bonferroni procedure,
if any hypothesis H ; is rejected by the weighted Bonferroni procedure (i.e.,

p; S%wj ), then it must be rejected by the weighted Sidak procedure (i.e.,

w;

p, <1-(1- a)z ). Thus, we have Theorem 2.

Theorem 2. For m independent tests, if the same pre-determined weights
(W, Wy,+++, w, ) are used in the weighted Sidak procedure and the weighted

Bonferroni procedure, then the weighted Sidak procedure has higher average
power than the weighted Bonferroni procedure.

http://www.bepress.com/sagmb/vol 8/issl/art23 6
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Remark 1. 1f all weights w; = 1, then the weighted Sidak procedure becomes the
Sidak procedure. The weighted Sidak procedure can have higher power than the
Sidak procedure if the weights are selected appropriately.

2.3.2 Optimal Sidak weights

As stated earlier, how to estimate optimal weights by using the prior information
still needs further investigation. Here, we derive the optimal weights that
maximize the average power of the weighted Sidik procedure under the
assumption that the means (g, w,, -+, u,,) are known. These optimal weights are

called optimal Siddk weights, which is an extension of the optimal Bonferroni
weights of Wasserman and Roeder (2006).
For any specified weights (w,, w,, -, w ), the per-hypothesis power for

the single test with hypothesis /; in the weighted Sidak procedure is

p; > 0} 6{61{1—(1—05)2}%}

The average power of the weighted Sidak procedure is

PWayerage LI 6{61(1(1(1)'"}#]}.

I’I’l2 Jip;>0

Wi

Power, P[pj <1—(1—a);

To find the optimal weights that maximize this average power subject to
constraint of equation (1), Lagrange method was used to obtain conditional
extremum of PWyerage.

Theorem 3. Given FWER being a and known means (u,, i, -, i,,) of the m

independent test statistics (Z1, Z,, ..., Zn), the optimal non-negative weights
(W, W,y,---, w, ) that maximize the average power of the weighted Sidak

procedure subject to constraint of equation (1) can be obtained by solving
inequalities w; > 0, equations (1) and

2
e=linfi-a)= @ (1-(1-a)" " )= fori=t m(5)
m

where c is a constant (given in Appendix A).

Published by The Berkeley Electronic Press, 2009 7
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The proof of this theorem is given in Appendix A. The inequalities and equations
can be solved by using the “nlminb()” function in R.

In the following simulation studies we will show that the weighted Sidak
procedure using the optimal Siddk weights can have higher power than the
weighted Bonferroni procedure using the optimal Bonferroni weights and that the
weighted Sidak procedure using the optimal Sidak weights can have much higher
power than the Sidak procedure.

2.4 GS Bonferroni procedure and GS Sidak procedure

Holm (1979) introduced a GS Bonferroni procedure that is a step-down procedure
using ordered weighted p-values. If the (unknown) weights used in the procedure
are estimated appropriately by using prior information, the procedure can have
higher power than the weighted Bonferroni procedure (also see below). In this
section, we first review this GS Bonferroni procedure, and then we propose a GS
Sidak procedure as an extension of the GS Bonferroni procedure.

When assuming that the means of the statistics are known, it is difficult to
derive the optimal weights by maximizing the average power of these GS
procedures as done before for the weighted Bonferroni and the weighted Sidak
procedures. We incorporate the optimal Bonferroni (Sidak) weights described in
Section 2.2 (2.3) into the GS Bonferroni (Sidak) procedure. We will show below
that when these optimal weights are used, the GS Bonferroni (Sidék) procedure
has higher power than the weighted Bonferroni (Sidék) procedure.

2.4.1 GS Bonferroni procedure

Given nonnegative weights ( w,,w,,---,w, ) for the m tests associated with

hypotheses (H,, H,, ..., Hy), (note that it is not necessary to satisfy the condition

m’liwi =1), if any weight w; = 0, then do not reject the corresponding

i=1

hypothesis H;. For the remaining hypotheses with weights w; > 0, define B, = Pi
W[

(i=1,2, ..., m), which are called B-values (i.e., weighted p-values). Let

B, <B, <---<B,, be the ordered B-values, H,H g, H, be the

corresponding hypotheses and w,,,w,,--,w,,, be the corresponding weights.
Then the GS Bonferroni procedure (Holm, 1979) can be described as follows:

http://www.bepress.com/sagmb/vol 8/issl/art23 8
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Step 1. If B, > , stop the procedure; otherwise, reject H and go to the

m

Ewm
next step.
a . .
Step j. If B ;) >—.——, stop the procedure; otherwise, reject H ;) and go to the
2 W)
i=j
next step.

Continue these steps until the procedure is stopped or all B-values have been
processed.
This procedure controls FWER at level a. If we set all weights w; equal to

Y in step j becomes B, >—%  and the GS

m—j+1

1, the inequality B, >

LW
i=j
Bonferroni procedure becomes the sequential Bonferroni procedure (Holm, 1979).
This GS Bonferroni procedure can have higher power than the sequential
Bonferroni procedure when the weights are chosen properly (Holm, 1979).

Now we compare the power of the GS Bonferroni procedure and the
weighted Bonferroni procedure when the same pre-determined weights are used
in these two procedures. For pre-specified weight (w;),w,,),"**,W,,,,) associated

with hypotheses ( H

I . o
w>H s> H ) such that m jZ:,le =1(.e., m Z‘IWU) =1),

if any false hypothesis Hj; is rejected by the weighted Bonferroni procedure, that

. a . . L
is, B ;) <— istrue, then B, < . SmceZwm <m, we have
m —

m

i=]
W

By <B, <..<B

Thus, H; will also be rejected by the GS Bonferroni procedure. Therefore, we
have Theorem 4.

Published by The Berkeley Electronic Press, 2009 9
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Theorem 4. Given weights (w,, w,,---, w, ) for m independent tests such that

m_liwi =1, the GS Bonferroni procedure has higher average power than the
i=1

weighted Bonferroni procedure.
2.4.2 GS Bonferroni procedure using the optimal Bonferroni weights

As stated earlier, it is difficult to estimate the optimal weights that maximize the
average power of the GS Bonferroni procedure under the assumption that the
means of statistics are known. Here we propose to use the optimal Bonferroni
weights described in Section 2.2. When these optimal Bonferroni weights are
used, from Theorem 4, we know that the GS Bonferroni procedure has higher
average power than the weighted Bonferroni procedure. Our simulation studies
will confirm this.

2.4.3 GS Sidak procedure

The GS Bonferroni procedure is based on the Bonferroni procedure. As stated
earlier, the Sidak procedure has higher power than the Bonferroni procedure.
Therefore, we propose a GS Sidak procedure.

Given nonnegative weights (w,,w,,---,w, ) for the m tests associated with

hypotheses (H,, H,,---, H, ) (note that it is not necessary to satisfy the condition

mfliwi =1), if any weight w; = 0, do not reject the corresponding null
i=l

hypothesis H;. For the remaining hypotheses with weights w; > 0, let

1
S = (l - P, )V[ (i=1,2, ..., m) which are called S-values (i.e., weighted p-values).

Let S, 28, 2--25,, be the ordered S-values, H,.H,,,H,, be the

m =2 = (m)
corresponding hypotheses, and w,,w,, -, w,,, be the corresponding weights.

The GS Sidék procedure can be described as the following steps.
1

m

w,

Step 1. If S, <(I-e)"™ N , then stop the procedure; otherwise reject H, and
go to the next step.

Stepj. When H, ---,H , , have been tested and rejected: if

>TTU-D
1

zwm

S, <(-a)7 (6)

http://www.bepress.com/sagmb/vol 8/issl/art23 10
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stop the procedure; otherwise reject the hypothesis H ,,, and go to the next step.

(>
Continue these steps until the procedure is stopped or all S-values have been
processed.

Theorem 5. Suppose m tests are independent, then the GS Sidik procedure
controls family-wise error rate at a significant level o .

Proof. Let I be the set of index subscripts for the true null hypotheses, Iy = {¢: H;
eHp}. Let SIZ0 =max,, S, denote the largest S-value among all S, with te I,.

tel,

0 ZSm Z"'ZSm)’

SII0 , then Sy 1s first ordered S-value (from large to small) which is corresponding

Among the ordered S-values, S suppose at integer k, Sp) =

to a true null hypothesis in Hy (i.e., all the previous -1 ordered S-values Sy, ...,
S(-1) are corresponding to false null hypothesis), where, 1<k <m - m; + 1, and m,
is the number of true hypotheses. According to the GS Sidak procedure, the event
of failing to reject any true null hypotheses in Hy is equal to event that equation
(6) holds for some j < k. The family-wise error rate is FWER =1 — P(failing to
reject any true null hypotheses in Hy), and

P(failing to reject any true null hypotheses in Hy)

) P( Ol(S(j) < (l - a)l/éw(’) )] - P(S(k) < (1 — a)l/[ﬂzlw)j
2

- 11 P(St < (l—a)l/%wmj - 11 P((l—p,)l/w' < (l_a)l/[ﬁkw(,.))

tel, tel,

tel,

=1 A{0-p)<l-a) 20 )= mafe B,

where Ztelo w,/ Zk: Wi) <1, and 1 - p, follows uniform distribution when t€ly. m
Now we compare the power of the GS Sidak procedure to that of the

weighted Sidék procedure when both procedures use the same weights w; that

satisfy m™ iwj =1(.e., m™ iw(j) =1). If Hy, is rejected by the weighted Siddk
j=1 j=1

Published by The Berkeley Electronic Press, 2009 11
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1
procedure, that is, S; > (I-a)™ is true (see inequality (4)), then S; >

Spy 28y =28, 2(1-a)" 2(1-a)

Thus, H; will also be rejected by the GS Sidak procedure, and we have
Theorem 6.

Theorem 6. Given weights (w,, w,,---, w, ) for m independent tests that satisfy

m” iwj =1, then the GS Siddak procedure has higher power than the weighted

J=1

Sidak procedure.

Furthermore, we compare the power of the GS Sidak procedure to that of
the GS Bonferroni procedure when the same pre-specified weights are used in
these two procedures.

Theorem 7. For m independent tests, if the same weights (w,, w,,---, w, ) are used

in the GS Siddk procedure and GS Bonferroni procedure, then the GS Siddk
procedure has higher average power than the GS Bonferroni procedure.

Proof. From the definition of B-value ( B, =p,/w, ) and S-value
(S, :(1— pi)”w" ), we know B; (S;) is a monotonically deceasing (increasing)

function of w;. Suppose that B, < B, <---<B,, and §, 2§, 2---2§, are
H

associated with the same hypotheses H H,_ . Below we show that for

>t @ s iy

m
1/Zw(,)

if B, <alYw,,then S, >(1-a) 7, from which we
i=J '

any hypothesis H ), S

know that the GS Sidak procedure has higher power than the GS Bonferroni
procedure.

m
If B, <a/Xw, ,from the Taylor series expansions, we have
i=j

http://www.bepress.com/sagmb/vol 8/issl/art23 12
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Wiy ! Ewey

Py S oW /Eij sl-(-a)

X wei

Thus,S(j) = (1 - P,-)l/wi >(l-a) @ .=

Remark 2. 1f setting all the weights equal (to 1), then the GS Sidak procedure
becomes the sequential Sidak procedure (Scherrer, 1984).

2.4.4 GS Sidak procedure using the optimal Sidik weights

In the GS Sidak procedure, a major issue is how to calculate the weights. As we
stated before, it is difficult to derive optimal weights that maximize the average
power of the GS Sidak procedure under the assumption that the means of the
statistics are known. Here, under this assumption, we suggest using the optimal
Siddk weights calculated by equation (5). From Theorem 7, the GS Sidak
procedure has higher average power than the weighted Sidak procedure when the
optimal Sidak weights are used by these two procedures.

We will show that the GS Sidédk procedure using the optimal Sidak
weights has higher power than the GS Bonferroni procedure using the optimal
Bonferroni weights by simulation studies (see below). It appears to be difficult to
prove this statement theoretically because the optimal Sidak weights are not the
same as the Bonferroni weights.

3 Simulation studies and results

To further evaluate the performance of the proposed testing procedures, we
compared by simulation studies the average power of six multiple testing
procedures: the Siddk procedure, the Bonferroni procedure, the weighted Sidak
(Bonferroni) procedure using the optimal Sidak (Bonferroni) weights, and the GS
Sidak (Bonferroni) procedure using the optimal Sidak (Bonferroni) weights.

3.1 Assuming true means p = (4, i,, -, i, ) known

When we assume that the means of statistics are known, for each true null
hypothesis H ;: 1= 0, the weight is assigned to zero in each procedure using

weights. Thus, all true null hypotheses will not be rejected in these procedures. In
other words, the FWER 1is equal to zero in the simulation studies with known

Published by The Berkeley Electronic Press, 2009 13
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means of statistics. Thus, we only compare the average power among these six
procedures.

We simulated datasets in a similar way to Rubin er al. (2006). Each
simulated dataset X = (X;;),~n consisted of » =100 1.i.d observations, where each
observation corresponded to a subject and was a vector of measurements of m =
1,000 independent covariates, and X;; was a measurement of covariate j at the i-th
observation. For each covariate j, we assumed that X;; ~ N(y s D=1, 0,

1 =
—=2X,, to test the null

\/; i=1

hypothesis y; = 0 against the alternative y; > 0. Using the central limit theorem,

and we implemented a test with statistic Z, =

Z, follows an asymptotic distribution of N(u;, 1), where u, = \/;}/j (Rubin et al.,
2006). Thus, testing hypothesis y, =0 is equivalent to testing hypothesis Hj.
u,=0.

J
When generating each dataset that was associated with 1,000 covariates,
we randomly chose 50 covariates and set the means y;> 0 for these 50 covariates
(i.e., ; > 0 for the corresponding test statistic Z;), and set y;= 0 for the other 950
covariates. In our simulation studies, we considered two scenarios for the 50 non-
zero ;. In Scenario 1, we set the 50 non-zero y; equal to a common value y that
varies as a simulation parameter. We considered y between 0.1 and 0.5, in

increments of 0.1 (correspondingly, u = \/;7 are between 1 and 5, in increments

of 1). We simulated 1,000 datasets corresponding to each of these y values. In
Scenario 2, for the 50 non-zero y;, we set the first ten y; = 0.1 (¢; = 1), the second
ten y; = 0.2 (j = 2), ..., and the fifth ten y; = 0.5 (u; = 5). We simulated 1,000
datasets for Scenario 2.

Table 1 shows the results of the estimated average power of the six
multiple testing procedures in Scenarios 1 and 2. From Table 1, we can see that
the GS Sidak, weighted Sidak, and Sidik procedures have slightly higher
estimated average power than the corresponding GS Bonferroni, weighted
Bonferroni, and Bonferroni procedures, and that the GS Sidék procedure is most
powerful among the six procedures. The GS Sidik procedure and the GS
Bonferroni procedure can have much higher power than both the weighted Sidak
procedure and the weighted Bonferroni procedure. For example, in Scenario 1,
when u =3, the estimated average power of the GS Sidék procedure, GS
Bonferroni procedure, the weighted Siddk procedure, and the weighted
Bonferroni procedure is 0.5820, 0.5792, 0.4670 and 0.4639, respectively (see
Table 1).
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Table 1. The estimated average power of the six multiple testing procedures over
1,000 replicated data sets when given the means of the test statistics. (a0 =0.05,
m, =50, m =1000 and n =100).

. . W- W- GS- GS-
Scenario ), Bonf' Siddk  p e wgac Bonf &idake
Scenario 0.0019 0.0020 00183 00186 00453 _ 0.0459

1

2 0.0293 0.0298 0.1378 0.1394 0.2253 0.2274
3 0.1869 0.1886 0.4639 0.4670 0.5792 0.5820
4 0.5436 0.5460 0.8185 0.8205 0.8781 0.8796
5 0.8664 0.8677 09719 0.9724 0.9838 0.9841
Scenario 0.3256 0.3267 0.4988 0.5002 0.5419 0.5432

* Bonf = Bonferroni; ® W-Bonf = Weighted Bonferroni; © W—Sidék = Weighted
Sidak; ¢ GS-Bonf = Generalized sequential Bonferroni; © GS-Sidak = Generalized
sequential Sidak

3.2 True means p = (u,, 4,, -, (4, ) unknown

In previous sections, all weights are calculated under the assumption that the
means p = (y,, i,, -, p, ) of statistics are known. However, in real data analysis,

the means p are usually unknown. The means pu can be estimated by using certain
prior information. How to effectively estimate p is still a topic to be further
investigated. Rubin et al. (2006) described a data-splitting method, which splits
the full data X into two parts, Xy and X,, with proportion m and 1-  of the
original data X, respectively. Data X; is used to estimate the means of the
standardized test statistics and data X; is used to test the hypotheses. They showed
that if some prior information, such as the order of means (w4, to,..., tm), 18
available, by using the data-splitting method the weighted Bonferroni procedure
has higher power than the Bonferroni procedure. In genetic association studies,
Roeder et al. (2007) described a two-step approach to estimate the means (i,
Lb,..., ly) by using prior information such as reported linkage peaks, results of
previously genome wide association studies, or results of gene expression studies.

It is beyond of the scope of this study to determine how to effectively
estimate the means (uy, tb,..., ty) by using prior information. To show the
performance of our proposed procedures when estimated means are used, as an
example, we implemented our proposed procedures by incorporating the data-
splitting method and applied these methods to the simulated Scenarios 1-2 data
sets described in the previous section. The only exception is that we assume here
that the first 950 covariates have means equal to zero and the last 50 covariates
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have the common mean value y >0. This fellows the assumption of Rubin et al.
(2006) that the order of means (i, t&,. .., tin) 18 known.

Table 2. The estimated FWERs and average power of the six multiple procedures
over 1,000 replicated data sets when the means of the test statistics are unknown
(a=0.05,m=1000, m, =50, n=100, and 7 = 0.1 for data-splitting).

W- GS- GS-

. oW
Scenario a Bonf'  Siddk  p e s Bonf  Siddkt

FWER 0.0610 0.0650 0.0180 0.0180 0.0180 0.0180
Power 0.0017 0.0017 0.0091 0.0093 0.0092 0.0095
FWER 0.0360 0.0370 0.0020 0.0020 0.0020  0.0020

Scenario 1 1

2 Power 0.0278 0.0283 0.0996 0.1009 0.1071  0.1085
3 FWER 0.0410 0.0430 0.0010 0.0010 0.0030 0.0030
Power 0.1835 0.1854 0.3766 0.3795 0.4523 0.4564
4 FWER 0.0480 0.0500 0.0030 0.0030 0.0260 0.0270
Power 0.5422 0.5445 0.7427 0.7449 0.8707 0.8719
5 FWER 0.0490 0.0490 0.0110 0.0110 0.0530 0.0540

Power 0.8746 0.8715 0.9342 0.9350 09772  0.9780
FWER 0.0610 0.0630 0.0010 0.0010 0.0010 0.0010

Seenanio 2 power 03239 03251 04566 04581 05247 05262

* Bonf = Bonferroni; * W-Bonf = Weighted Bonferroni; ¢ W-Sidak = Weighted
Sidak; ¢ GS-Bonf = Generalized sequential Bonferroni; ¢ GS-Sidak = Generalized
sequential Sidak

For each simulated dataset, the Bonferroni procedure and the Sidak
procedure were implemented on the entire dataset, while the other four procedures
used the data-splitting method (under the assumption that the order of means
(4> ty, -+, p,) 1s known). Table 2 shows the estimated average power and

family-wise error rates of the six procedures for Scenarios 1 and 2. We only show
the results with the proportion 7 of the first part X; equal to 0.1.

From Table 2, we can find that the weighted Sidak and the GS Sidak
procedures have slightly higher estimated average power than the weighted
Bonferroni and the GS Bonferroni procedures, respectively, and that the GS Sidak
procedure has the highest estimated average power among these six procedures.
For example, when u is equal to 4, the estimated average power of the GS Sidak
procedure is 0.8719. It is nearly 13% more than that of the weighted Bonferroni
procedure (0.7427). In addition, it is interesting that the estimated average power
of the six procedures is smaller than their estimated FWERs when x is equal to 1.
This occurs because the average power is the average (not cumulative value) of
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per-hypothesis powers for the 50 false null hypotheses, and the FWER is a
cumulative value (not average) of type I error rates for 950 tests.

From Table 2, we can also find that the six procedures can control FWERSs
quite well. Interestingly, the estimated FWERs are much lower in the four
procedures using weights (i.e. the weighted Bonferroni, weighted Sidak, GS
Bonferroni and GS Sidak) than in the two procedures without using weights
(Bonferroni and Sidék). The reason is that the four weighted procedures used the
prior information of the order of means of the test statistics.

4 Discussion

In this article, we propose a weighted Sidék procedure and a GS Sidak procedure
for multiple hypotheses testing based on the weighted Bonferroni procedure.
Under the assumption that the means of the test statistics are known, we further
describe how to estimate the optimal Siddk weights which maximize the average
power of the weighted Sidik procedure. We show that the weighted Sidak
procedure using the optimal Siddk weights can have higher power that the
weighted Bonferroni procedure using the optimal Bonferroni weights.
Furthermore, we incorporate the optimal Siddk (Bonferroni) weights into the GS
Siddk (Bonferroni) procedure. Using these optimal weights the GS Sidak
(Bonferroni) procedures can have higher power than the corresponding weighted
Sidak (Bonferroni) procedures, respectively, and the GS Sidak procedure often
has the highest power among these procedures.

For the multiple procedures using weights described in this article, how to
estimate the weights (w,, w,,---, w, ) by using prior information is still an open

problem. Several investigations have been reported in the literature. Roeder et al.
(2006) used linkage data to estimate weights and adjust p-values in genome-wide
association studies. Ionita-Laza et al. (2007) used between-family information to
estimate weights and weighted association p-values calculated by use of within-
family information in family-based genome-wide association studies.

It appears that the optimal Sidak weights and optimal Bonferroni weights
have better property than the weights described in the previous paragraph because
these optimal weights are based on maximizing the average power of the
procedures. However, the optimal Sidak weights and optimal Bonferroni weights
are calculated assuming that the means of test statistics are known, and in
practice, these means are unknown. The means of test statistics may be estimated
by using prior information (Roeder et al., 2007). When certain prior information
is available to estimate the means of statistics, the procedures proposed in this
paper are useful and can have much higher power than the widely used
Bonferroni procedure. However, how to use prior information to estimate the
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optimal Sidak weights and optimal Bonferroni weights is still a challenge. We
will pursue studies on this topic in the future.

Most of the proposed methods focus on the normal distribution model and
one-sided tests. It is trivial to modify the formulas to handle two-sided tests for
normal distribution and y° distribution. All the proposed methods assume
independence among the multiple tests. This assumption is very conservative. In a
real data analysis, multiple tests are often highly correlated. For example, in
genome-wide association studies, the tests for different markers may be correlated
due to linkage disequilibrium among the markers (Conneely and Boehnke, 2007,
Nyholt, 2004). How to extend our proposed method to account for correlation
among tests is another issue we will pursue in the future.

All the proposed methods focus on the control of the family-wise error
rate for multiple testing. However, a similar idea can be applied to control false
discovery rate by using weighed p-value (see also Genovese et al., 2006).

Appendix A. Proof of Theorem 3.

Proof. For the m independent test statistics (Z;, Z,, ..., Z,), we estimate the
optimal weights w; that maximize the average power with the constraint
>w; =m. We set w; = 0 if g = 0. For the remaining test statistics with g4 > 0, the

Jj=l1
corresponding Lagrange function is

my j:p;>0 Jip;>0

1 —(—_ wim
Gw=— ¥ B@(--a)"")-p,)- ﬁ{m - ¥ wj].
By setting the derivatives, with respect to w;, fori =1, 2, ..., m, to zero,

G2 W) _ @ --2) ) p) 1 -
— (- p I TR a— In(l—a)+ =0,

1

that 1s

gmm, Y@ (1-0- )"}~ )
nl-a) @ (-a-a)""")

(1-a)"'", (A.1)

where ¢(x) is the probability density function of the standard normal distribution.
From (A.1), we have
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ﬂ’mmZ T ! w;/m /'12 w; /m
T Ko | g im ) _ (1= i/m
m@ﬂ)w{m (1-a-a) )2} a)

Taking logarithm on both sides, we obtain

Amm w, — o’
1 2 -—LIn(l-a)=p® ' 1-(1-a)"'™)-= A2
{mpmjmn(“)“ (== )=, (A2)
or
2
Yin(l-a)= @ (1-(1-a)" ")
e L R e
where, ¢ = ln(ﬂj . Therefore, w satisfies the equations (5).
In(l-a)

To make sure that equations (5) provide optimal values, we need to
investigate the second derivatives of the Lagrange function for w;.

O’G(A,w) _ 0 {_ Amay 9O 1 o) a

ow? ow, ¢(0) mm,

RN S N N ).
—mz(mln(l a)j (1-a) “ 5

—+

[¢(O)T

mm,

(I1-a)""n(1- a){m_l(l - )" " in(l- (S - 4 )6 ~ )

) In(1-a )é(5 — y,.)(—a)}
[p()F

i - @) (1= @) "6 - ) 90 - - "]
[$(5)]) ’
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where, 0 = 5’1(1 —(1-a)"’ m). Note that the off-diagonal elements of the Hessian

matrix are all zeroes. We conclude that the Hessian matrix is negative definite.
Consequently, the solutions of the weights are optimal.
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